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Sufficient conditions are obtained for the existence of a globally attracting 
positive periodic solution of the “food-limited” population system modelled by the 
equation h(f) = r(f)((K(t) - N(t -mw))/(K(t) + c(f) r(f) N(t -mm))), where m is a 
nonnegative integer and K, r, c are continuous positive periodic functions of 
period w. 0 1990 Academic Press. Inc. 
1. INTR~DUCTJ~N 
One of the elementary and mathematically simple nonlinear models used 
to describe the temporal evolution of a single species population in a con- 
stant environment is described by the scalar ordinary differential equation 
dn(t) -=rn(t) I--!$ , 
dt [ 1 (1.1) 
where r and K are positive numbers. Equation (1.1) is commonly known as 
the “logistic equation” and has been a basis for the derivation of the 
Lotka-Volterra systems of equations. An implicit assumption contained in 
(1.1) is that the average growth rate is a linear function of the density. 
However, it has been demonstrated by Smith [16] that the hypothesis of 
linear average growth rate is not realistic for the Duphniu population and 
he has proposed an alternative to the logistic equation in the form 
dN(t) -= rN(t) 
K-N(t) 
dt K+ crN(t)’ 
(1.2) 
* On leave from Flinders University, Bedford Park, S.A. 5042, Australia. 
’ On leave from the University of Sarajevo, 71000 Sarajevo, Yugoslavia. 
545 
0022-247X/90 $3.00 
409/147,‘2-16 
Copyright c> 1990 by Academic Press, Inc. 
All rights of reproductmn in any farm reserved. 
546 GOPALSAMY, KULENoVli', ANI> LADAS 
where r, K, c are positive numbers. We refer to Pielou [ 141 for a modern 
derivation of (1.2). Equation (1.2) has been recently discussed by Hallam 
and DeLuna [IO] in their investigation of the effects of environmental 
toxicants on populations. 
Environmental variation is often an important aspect in the dynamical 
nature of populations with most populations experiencing at least seasonal 
fluctuations in their “resource” or “food” availability and thus in the carry- 
ing capacity of their environment (Fretwell [S], Emmel [6], Fleming and 
Hooker [7]). The purpose of this article is twofold. First we show that if 
r, c, and K in (1.2) are periodic functions of period o then there exists a 
unique periodic solution of (1.2) which globally attracts all other positive 
solutions of (1.2); we then consider the time delayed periodic equation 
dN(t) --r(t) N(t) 
K(t)-N(t-mw) 
dt K(t) + c(t) r(t) N(t - mw) 
(1.3) 
in which the average growth rate has a time delay which is an integral 
multiple of the periodicity of the environment (m being a positive integer). 
The time delay in (1.3) incorporates population fluctuations since in 
the absence of delays, solutions of (1.2) will be monotonic functions. If 
r, c, and K in (1.3) are positive constants then all solutions of (1.3) with 
N(0) > 0 are oscillatory about the positive equilibrium if and only if 
rmoe/( 1 + cr) > 1 (Gopalsamy, Kulenovii-, and Ladas [9]). It has been 
asserted by Nicholson [ 111 that “any periodic change of the climate tends 
to impose its period upon oscillations of internal origin or to cause such 
oscillations to have a harmonic relation to periodic climatic changes.” In 
view of this, it is not unreasonable to assume that the time delays is an 
integral multiple of the periodicity of the environment. We refer to Pianka 
[13] for a discussion of the relevance of periodic environments to 
evolutionary theory. 
2. GLOBAL ATTRACTIVITY IN THE NONDELAY CASE 
It is easily seen that if K in (1.2) is a positive number then every positive 
solution of (1.2) has the asymptotic behavior lim, _ a; N(t) = K. If K in (1.2) 
is a periodic function, we expect the system (1.2) to have a dynamic equi- 
librium with a similar asymptotic behavior. The following result establishes 
this intuitive expectation. 
THEOREM 2.1. Suppose r, c, and K are continuous and positive periodic 
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functions of periodo. Then there exists a unique o-periodic solution N*(t) 
of the periodic differential equation 
dN(t) --r(t) N(t) K(t) -N(t) 
dt K(t) + r(t) c(t) N(t) 
(2.1) 
such that all other positive solutions of (2.1) satisfy 
lim [N(t) - N*(t)] = 0. (2.2) 1--rm 
ProoJ Let N( t, 0, N,) denote the unique solution of (2.1) through the 
initial point (0, N,). Let 
K, = oyjn+ K(t) and 
. . 
K* = Oy;:w K(t). 
. . 
Then it follows from (2.1) that 
Non [K,, K*l =s N(t, 0, N,,)E CK,, K*l for t>O 
and in particular 
N, E N(w, 0, N,,) E [K,, K*]. 
Define the function 
f: [K,, K*l c--, CK,, K*l 
f(Nd=Nw 
As N( t; 0, N,) depends continuously on N,, it follows that f is a continuous 
function mapping the closed interval [K,, K*] into itself. Therefore f has 
a fixed point N,*. In view of the w-periodic of r, c, and K, it follows that 
the unique solution N*(t) E N(t, 0, N,*) of (2.1) through the initial point 
(0, N,*) is positive and w-periodic. This completes the proof of the existence 
of a positive and o-periodic solution N*(t) of Eq. (2.1). 
Let N(t) be an arbitrary positive solution of (2.1). We let 
N(t) = N*(t) e”“) 
and derive that x(t) is governed by 
Wt) -=F(N*(t)e”(‘))-F(N*(t)), 
dt 
(2.3) 
(2.4) 
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where 
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K(t)-u 
F(U)=r(f)K(t)+r(t)~(t)~’ 
By the mean value theorem of differential calculus, we can rewrite (2.4) in 
the form 
dx(t) -= -A(t)[e”(‘)- 11, 
dt 
where 
1 + r(t) c(t) 
A(t)= [K(t) + r(t) c(t) (t)]2 r(t) N*(t) K(t) (2.6) 
and t(t) lies between N*(t) and N*(t) eX(‘). Let us define a Lyapunov 
function V for (2.5) in the form 
V(t)= V(x(t))= [e”“‘- 11’. 
Calculating the rate of change of V along the solutions of (2.5) we obtain 
dV(t) -= -2A(t)[e”“‘- 1]2e”(“<0 
dt 
for x(t) # 0. 
One can easily see from Eq. (2.1) that every positive solution of this 
equation is bounded. Therefore x(t) is also bounded. As r, K, and N* are 
positive functions and t(t) is between N*(t) and N*(t) e”“‘, it follows from 
(2.6) that there exists a positive number p such that 
A(t)aP for t>O. 
Therefore (2.7) yields 
dV(t) -< -2pex(‘)[ex(‘) - 112, 
dt 
which by integration gives 
V(t) + 2p ji e+) [e”(“)- l]‘ds< V(O)< co. 
Hence 
exw Ce x(r)- 112EL,(0, co). 
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Since x(t) and i;-(t) are bounded in [0, co), it follows by Barbalat’s 
lemma [2] that 
e”w[ew _ 11’ + 0 as t-co 
Thus x(t) + 0 as t + co and the result follows from (2.3). This completes 
the proof. 
3. GLOBAL ATTRACTIVITY IN THE DELAY CASE 
We will now consider the periodic delay differential equation 
f+(t) = r(t) N(t) 
K(t)-N(t-mw) 
K(t) + r(t) c(t) N(t -mo) (3.1) 
together with initial conditions of the form 
N(t) = v(t) for -mw<tdO 
where 
qcCC[I-mwOl,R+l and cp(O) > 0. (3.2) 
It is easy to see that the unique positive periodic solution N*(t) of (2.1) is 
also a periodic solution of (3.1). Since (3.1) has no constant nontrivial 
equilibria, one can ask under what conditions the periodic solution N*(t) 
attracts all other positive solutions of (3.1). First, we obtain certain upper 
and lower estimates for solutions of (3.1) and (3.2). 
For convenience we will introduce the notation 
Y* = max(r(t), t E [0, o]}, r,=min{r(t), tE [0, w]}, 
K* =max{K(t), tE [0, o]}, K, =min{K(t), tc [0, w]}, 
N”= K* exp[K*(r/K),, mu], where (r/K),, = -!- 5 
mw r(s) 
- ds, (3.3) 
mu o K(s) 
Nl = K, exp 
K -N” 
* r,,mu , 
* 1 where 1 rav = - 5 
mw 
r(s) ds. (3.4) 
mu 0 
LEMMA 3.1. ZfN(t) is a solution of the initial value proHem (3.1)-(3.2) 
then there exists a number T= T(q) such that 
N,<N(t)<N” for t > T. (3.5) 
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Proof We note that any solution of (3.1) satisfies the differential 
inequality 
N(t) 6 
r(t)N(t)[K*-N(t-mo)] 
K(t)+r(t)c(t)N(t-mm) 
(3.6) 
Solutions of (3.6) can be either oscillatory or nonoscillatory about K*. 
First, suppose that N(t) is oscillatory about K*. Then there exists a 
sequence {tn}, t, -+ccasn-+coofzerosofN(t)-K*suchthatN(t)-K* 
takes both positive and negative values on (t,, t,,+ ,) for n = 1, 2, . . . . Let 
N(t,*) denote a local maximum of N(t) on (t,,, t, + 1). Then from (3.6) we 
obtain 
O=rir(t,*)< 
r(t,*)N(t,*)[K*-N(t,*-mm)] 
K(t,*)+r(t,*)c(t,*)N(t,*-mm) 
which implies that 
N(t,* - mo) 6 K*. 
This shows that there exists a point 5 E [t,* - mo, t,*] such that N(5) = K*. 
Integrating (3.6) over [5, t,*] we obtain 
Ir Nt3< ‘,’ K* r(s) d <Kz+c ‘,Fs N(t) r K(s)’ I 4s) - ds r:-mw K(s) 
and 
N(t,*) d K* exp[K*(r/K),, mw]. (3.7) 
Since the right side of (3.7) is independent of t,, we conclude that 
N(t) d K* exp[K*(r/K),, mw] = N” for t > t, + 2mo. (3.8) 
Next assume that N(t) is nonoscillatory about K*. Then it is easily seen 
that for every E > 0 there exists a T, = Ti(.s) such that 
N(t)<K*+& for t> T,. 
This and (3.8) imply that there exists a T= T(q) such that 
N(t) < N” for t3T 
In a similar way we can derive a lower bound for positive solutions of (3.1). 
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In fact from (3.1) we find 
l+(t) 2 r(t) N(l) 
K*-N(t-mo) 
K(t)+r(t)c(t)N(t-mu)’ 
(3.9) 
Let N(t) be an oscillatory solution about K, and let {sn} + cc as n + co 
be such that N(s,) - K, = 0 for n = 1, 2, . . . and N(t) - K, takes both 
positive and negative values on (t,, t, + i ). Let s,* be such that N(s,*) be a 
local minimum of N(t). Then from (3.9) we obtain 
0 = ti(s,*) 2 r(s,*) N(s,*) 
K, - N(s,* - mw) 
K(s,*) + r(s,*) c(s,*) N(s,* -mu)’ 
which implies that 
N(s,* -mo)>K,. 
This shows that there exists a point q E [s,* - mo, s,*] such that N(v) = K,. 
Integrating (3.9) over [v, s,*] we find 
-K,-N” C 
s 
r(s) ds b 
K,-N” ~.n* 
K4 ‘7 K, s 
r(s) ds 
s,’ -mu 
and 
Hence 
N(s:)>K,exp(yjTr(r)ds)=N,. 
N(s) 9 N, for t>t,+2mo. (3.10) 
Next, assume that N(t) is nonoscillatory about K,. One can easily show in 
this case that for every positive E there exists a T, = TZ(&) such that 
N(t)>K,-E for t>T,. 
This and (3.10) imply that there exists a T, = T,(q) such that 
N(t)> N, for t3 T,. 
The proof of the lemma is complete. 
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We will now proceed to derive sufficient conditions for the global attrac- 
tivity of N*(t) with respect to all other positive solutions of (3.1))(3.2). As 
before we set 
N(t) f N*(r) P’(‘) (3.11) 
in (3.1) and derive that x(t) is governed by 
i(t)=G(x(t-mm))-G(O), (3.12) 
where 
G(u) = r(t) 
K(r) - N*(t) e” 
K(t)+r(t)c(t)N*(t)e”’ 
(3.13) 
We can rewrite (3.12) in the form 
i(t) = -B(t) x(t - mo), (3.14) 
where 
B(t) = K(t) r(t)Cl + r(t) c(t)1 i(t) 
[K(t) + r(t) c(t) i( 
(3.15) 
and i(t) lies between N*(t) and N(t - mo). Obviously 
B, = 
K*r*(l +r*c*)N,<B(t)G 
(K* + ,.Q*N”)2 
K*r*( 1 + r*c*) N” = B” 
(K, +r,c,N)* ’ 
(3.16) 
The following result provides a sufficient condition for the global attrac- 
tivity of N*(t). 
THEOREM 3.1. Assume that the positive periodic functions r(t), K(t), and 
c(t) satisfy the condition 
y~K*exp[K*(~)Cz~,mw]~~[l+r(s)c(s)]~ds<l. (3.17) 
Then every solution of (3.1 t(3.2) satisfies 
lim [N(t) - N*(t)] = 0. (3.18) 
r+ZC 
ProoJ: It suffices to prove that every solution x of (3.14)-(3.15) has the 
asymptotic behavior 
lim x(t) = 0. (3.19) 
r-5 
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To this end, we define the functional V(t) = V(x(t)) by 
v(t)= X(f)-J,‘~~~~(s+rn~)I(s)d~]~ [ 
+r B(s + 2mw) 1 B(u + mo) x*(u) du > ds, (3.20) r-mw s 
which in view of (3.14) yields 
B(s+mw)x(s)ds [-B(t+mw)x(t)-j 1 
+ B(t +wlo) x2(t) J“ B(s + 2mo) ds 
,-ltXlJ 
-qt+mo) 1” B(u + mo) x’(u) du. 
f ~ ??I<” 
Using the inequality 2x(t) x(s) < x*(t) + x*(s) and simplifying 
obtain 
-l 
f$+ -qt+mo) x*(t) [2-j‘:m,o qs+mo) ds- Jl’p,,, ~(s+mo) “1
< -2B(t+mw)x2(t)(l -&L). (3.22) 
(3.21) 
(3.21) we 
It follows from (3.21) and (3.17) that V is eventually nonincreasing, say for 
t > T. Clearly all solutions of (3.1) are bounded and so by (3.11) and 
(3.12), x is uniformly continuous on [O, a). Integrating (3.22) over [T, t] 
and taking in account the inequality (*), we get 
V(t)+2B,(l -p)s:x2(s)ds< V(T)<oo. 
Hence x2 E L,( T, cc ) and by Barbalat’s lemma [2] 
lim x’(t)=O. 
r-cc 
The proof is complete. 
4. BRIEF DISCUSSION 
The asymptotic behavior of the positive solutions of the logistic equa- 
tion (1.1) with a continuous positive periodic K has been discussed by 
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numerous authors (Arrigoni and Steiner [ 11, Coleman [4], Coleman et ~1. 
[S], Boyce and Daley [3], Sonneveld and Van Kan [ 171, etc.). The exis- 
tence of a positive periodic solution and its asymptotic stability in this case 
are easily studied since Eq. (1.1) with positive K is explicitly solvable. When 
c = 0, (1.2) becomes the logistic equation and therefore our analysis of ( 1.2) 
is valid for (1.1). Nisbet and Gurney [ 121 have considered a periodic delay 
logistic equation and have performed a numerical study of the influence of 
the periodicity in r and K on the intrinsic oscillations of the system such 
as those caused by the time delay. Also Rosen [ 151 has recently noted the 
existence of a relation between the period of the periodic carrying capacity 
and the delay of the periodic delay logistic equation. 
Even though one can attempt to solve (1.2) explicitly, this approach is 
not appropriate for the study of the periodic solutions of (1.2). Our non- 
linear analysis of (1.2) and (1.3) indicates that when r*mo is small enough 
so as to satisfy (3.17), all solutions of (1.3) converge as t + a to the unique 
periodic solution of (2.1). This means that the species has a tendency to 
track the environmental variations and this can be seen as follows: every 
positive solution of (1.3) approaches a periodic solution of (2.1) when 
(3.17) holds and therefore it is sufficient o consider the behavior of 
periodic solutions of (1.3). If N*(t) denotes the unique positive periodic 
solution of (1.3), then (1.3) implies that 
o=J 
rtmu fiJ*(S) 
- ds = I 
I + mw 
r(s) 
K(s) - N*(s) 
N*(s) I K(s) + r(s) c(s) N*(s) 
ds 
’ 
(4.1) 
, 
It follows from (4.1) that in each interval of the form [t, t + w] there exists 
at least one point d = a(t) such that N*(a) = K(o). From this we can con- 
clude the following: since every solution of (1.3) converges to N*(t) as 
t -+ co when the hypotheses of Theorem 3.1 hold, the species “tracks” the 
environmental variations; that is, when (3.17) holds, the species decides to 
ignore its natural oscillations (caused by the time delay) and synchronizes 
with the oscillations of the environment characterized by the periodicity of 
K even if r and c remain temporally constant. 
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